Analytical solutions of the Schrödinger equation for the generalized trigonometric Pöschl-Teller potential by using an appropriate approximation to the centrifugal term within the framework of the Functional Analysis Approach have been considered. Using the energy equation obtained, the vibrational partition function was calculated and other relevant thermodynamic properties. More so, we use the concept of the superstatistics to also evaluate the thermodynamics properties of the system. It is noted that the well-known normal statistics results are recovered in the absence of the deformation parameter   0 q  and this is displayed graphically for the clarity of our results. We also obtain analytic forms for the energy eigenvalues and the bound state eigenfunction solutions are obtained in terms of the hypergeometric functions. The numerical energy spectra for different values of the principal n and orbital quantum numbers are obtained. To show the accuracy of our results, we discuss some special cases by adjusting some potential parameters and also compute the numerical eigenvalue of the trigonometric Pöschl-Teller potential for comparison sake. However, it was found out that our results agree excellently with the results obtained via other methods
INTRODUCTION
Solving the radial Schrödinger equation is of great importance in nonrelativistic quantum mechanics, because it is well established that the wave function contains all the necessary information required to describe a considered quantum system [1] [2] [3] [4] [5] . It is well known that exact solutions of this equation are only possible for a few potential models, such as the Kratzer [6] [7] , Eckart potential [8] [9] [10] , shifted Deng-Fan [11] [12] [13] [14] , Molecular Tietz potential [15] [16] [17] [18] etc. The exact analytical solutions of the Schrödinger equation with some of these potentials is only possible for 0  . For 0  states, one has to employ some approximations, such as the Pekeris approximation [17, 18] , to deal with the orbit centrifugal term or solve numerically [19, 20] .
Several mathematical approaches have been developed to solve differential equations arising from these considerations. They include the supersymmetric approach [21] [22] [23] [24] , ], Nikiforov-Uvarov method [25] [26] [27] ,asymptotic iteration method (AIM) [28] [29] [30] , Feynman integral formalism [31] [32] [33] [34] , factorization formalism [35, 36] , Formula Method [37] exact quantization rule method [38] [39] [40] [41] [42] [43] , proper quantization rule [44] [45] [46] [47] [48] , Wave Function Ansatz Method [49] etc..
The trigonometric Pöschl-Teller potential was proposed by Pöschl and Teller [50] in 1933 and it has been used in describing diatomic molecular vibration. This potential can be written as
where parameters 1 V and 2 V describe the property of the potential well, whereas the parameter  is related to the range of this potential [51] .
This potential has been applied to study diatomic molecular vibration. Ever since it was proposed in 1933, researchers have given much attention to the molecular potential. For example, Liu et al. [51] carried out Fermionic analysis with this potential.The bound state solutions have also been carried out in the relativistic regimeby Zhang and Wang [52] ,Chen [53] , Candemir [54] and Hamzavi [55] .
Very recently, Hamzavi and Rajabi [56] also studied the s-wave solutions of the Schrödinger equation for this potential using the Nikiforov-Uvarov method. Hamzavi and Ikhdair. [57] obtained the approximate solutions of the radial Schrodinger equation for the rotating trigonometric PT potential using the Nikiforov-Uvarov method. The energy eigenvalues and their corresponding eigenfunctions were calculated for arbitrary -states in closed form.
Motivated by Ref. [50] [51] [52] [53] [54] [55] [56] [57] , we propose a modification to the trigonometric Pöschl-Teller potential. This we call the Generalized trigonometric Pöschl-Teller potential. This potential is given as;
V describe the property of the potential well, whereas the parameter  is related to the range of this potential.
The fundamental reason for studying the thermodynamics properties of a given system is to calculate its vibrational partition function. The partition function which explicitly depends on temperature, aids us to obtain other thermodynamics properties. The vibrational partition function for certain potential models can easily be obtained by calculating the rotation-vibrational energy levels of the system whose applications are widely used in statistical mechanics and molecular physics [58, 59] .Different mathematical approaches have been employed by many researchers in evaluating partition function such as Poisson summation fornula [60] , commulant expansion method [61] , standard method [62] and Wigner-Kirkwood formulation [63] . Superstatistics is one of the most important and attractive topics in statistical mechanics. Superstatistics is a superposition of different statistics: One given by ordinary Boltzmann factor and another given by the fluctuation of the intensive parameter such as the inverse temperature. Superstatistics describe non-equilibrium systems with a stationary state and intensive parameter fluctuations and contains Tsallis statistics as a special case [64] [65] [66] [67] [68] [69] [70] [71] [72] .It is therefore the primary objective of the present work to study to solve the Schrodinger equation for non-zero angular momentum with the generalised trigonometric Posch-Teller using the Functional Analysis Approach. We will also use the resulting energy equation to find the partition function which will enable us to calculate other thermodynamics properties via stastical mechanics and superstatistics mechanics approach.
This paper is organized as follows. In Sect. 2 we derive the bound states of the Schrodinger equation with the generalised trigonometric PT potential using the FAA. In Sect. 3 we obtain the thermodynamic properties which will be calculated using the expression for the partition function. In section 4, we calculate the effective Boltzmann factor
 
BEconsidering modified Dirac delta distribution in the deformed formalism. We obtain the statistical propertiesof the systems by using the superstatistics. In section 5, we obtain the rotational-vibrational energy spectrum for some diatomic molecules with numerical results and discussion. In section 6, we present special case of the potential under consideration. Finally, in section 7 we give concluding remark.
Energy levels and wavefunctions
The radial part of the Schrödinger equation is given by [60] ;
Considering the Generalized trigonometric Pöschl-Teller potential (Eq.(1b)), we obtain the radial Schrödinger equation, Eq.(2) is rewritten as follows:
This equation cannot be solved analytically for 0  due to the centrifugal term. Therefore, we must use an approximation to the centrifugal term. We use the following approximation [57]   
where 0 1 12 d  is a dimensionless shifting parameter. This approximation scheme is an improved version of Greene and Aldrich [19, 53] 
For Mathematical simplicity, let's introduce the following dimensionless notations;
If we consider the following boundary conditions:
In view of the above boundary conditions, we propose the physical wave function as:
On substitution of Eq. (9) into Eq. (6) leads to the following hypergeometric equation:
By considering the finiteness of the solutions, the quantum condition is given by  
from which we obtain, the energy expression as
Thus, if one substitutes the value of the dimensionless parameters in Eq. (7) into Eq. (16), we obtain the energy eigenvalues as:
The corresponding unnormalized wave function is obtain as
Thermal Properties ofgeneralized trigonometric Pöschl-Teller potential.
We consider the contribution of the bound state to the rotational-vibrational partition function at a given temperature 
We substitute eq. (20) 
We therefore use the Maple software to evaluate the integral in eq. (24), thus obtaining the rotational-vibrational partition function with Generalised Trigonometric Posch-Teller potential models as
The imaginary error function can be defined as [62]     
Superstatistics Mechanics
In this section, we introduce the necessary conditions of superstatistics. The effective Boltzmann factor of the system can be written as [73, 74]    
Finally, we find the generalized Boltzmann factor [75]  
where q is the deformation parameter. Details of Eq. (34) can be found in Appendix A of ref [75] and references therein.
The partition function for the modified Dirac delta distribution has the following form:
, functions can be obtained from the partition function (38) with the aid of eqs.(28-31).
Numerical Results and Applications
To show the accuracy of our work, we calculate the energy eigenvalues using Eq.(18) for different quantum numbers n and with parameters Table 1 .,it is observed that the energy decreases for a fixed value of the principal quantum number for varying orbital angular momentum.Furthermore, we have computed the energy eigenvalues of the Trigonometric Posch-Teller potential using the reduced energy equation given in Eq. (33) and Eq.(34) as special case. Our results shown in Tables 2-5 are in good agreement with the results given in Ref. [56] [57] 76 ]. Fig. 1 shows a comparative plot of the shapes of the trigonometric Poschl-Teller potential model and generalized trigonometric Posch-Teller potential.In Fig. 2 , we plot the shape of the generalized trigonometric Posch-Teller potential for different values of the screening parameter  . Figs. 3-6 clearly shows the energy eigenvalues variation with parameters 1 V , 2 V , 3 V and 4 V for various quantum states.It can be easily observed from these Figs. 3-6 that the parameters increases directly as the energy increases. Fig.7 shows the energy eigenvalues variation with the particle's reduced mass  for different quantum states. It is seen that in the region 0 0.1   .. a mu , the energy eigenvalue is at its maximum, beyond this region, there is a drop and this continues in a linear trend. The energy is only high in the region where the mass is low but decreases as the particle's mass increases monotonically. The energy is very similar for 0.2< < 1.0
 . Fig. 8 shows the energy eigenvalues variation with orbital quantum number for various principal quantum number. It is shown in the plot that the energy increases as the principalquantum number increases. Fig. 9 shows the energy eigenvalues variation with screening parameter  for different quantum states, it can be seen explicitly that in all the quantum states the representation curves spreads out uniformly from the origin. It is shown that the energy eigenvalue increases as the screening parameter increases. Fig. 10 shows the vibrational partition function variation with  for various values of  . It can be seen that the partition function decreases as the temperature increases. It is also shown that in the high temperature, there's a uniform convergence of all the curves and the partition function reaches its minimum. Fig. 11 shows vibrational partition function variation with  for various values of  . From this plot, we observe that there is spread from the zero point, the partition function increases as  increases. It is also observed that the partition function has its maximum in the high region of  . Fig. 12 shows the mean vibrational energy variation with  for various values of  . The mean vibrational energy decreases as  increases. It is also observed that the mean vibrational energy has its minimum in the high  region. Fig. 13 clearly shows the vibrational specific heat capacity variation with  for different values of  . It can be seen that the specific heat capacity increases as  increases. Fig. 14 shows the vibrational entropy variation with  for different values of  . It is seen that the vibrational entropy decreases as temperature increases. Fig. 15 shows the vibrational entropy variation with  for different values of  . It is seen that the entropy increases monotonically with  . Fig. 16 shows the mean vibrational free energy variation with  for different values of  . Again, it is seen that the vibrational free energy increases monotonically with  . Fig. 17 shows the mean vibrational free energy variation with  for different values of  . It is clearly shown that the mean vibrational free energy decreases as  increases.In Fig. 18-22 , we study the statistical properties of the system by using the superstatistics formalism. Fig. 18 shows a plot of the vibrational partition function variation with  for various values of q . It is seen that the partition function decreases as  increases. More so, the partition function increases as q increases. Fig. 19 shows the variation of vibrational mean free energy with  for various values of q . The mean free energy decreases monotonically as  increases. A plot of vibrational entropy variation with  for different values of q is shown in Fig. 20 . The entropy of the system reduces as  rises. For different values of the deformation parameter, q , the entropy of the system increases with increasing q . Fig. 21 shows the variation of the vibrational mean energy with  for various values of q . The mean energy decreases with increasing  and increases with increasing q . Fig. 22 depicts a plot of vibrational specific heat capacity variation with  for different values of q . It is seen explicitly that the specific heat capacity of the system increases monotonically with increasing  but decreases with increasing q . It is interesting to note also that when 0 q  , normal statistics is recovered.
Special Cases
In this section, we shall study one special case of the Generalized Trigonometric Posch-Teller potential and its energy eigenvalues respectively
Trigonometric Posch-Teller potential
Choosing 34 0 VV  , the Generalized Trigonometric Posch-Teller potential takes [76, 56]       (41) This is in excellent agreement with Eq. (15) of Ref. [56] .
Conclusion
In this article, we have solved the Schrodinger equation using Functional Analysis Approach and suitable approximation to overcome the centrifugal barrier. We have also presented the rotational-vibrational energy spectra with the Generalized Trigonometric Posch-Teller potential. We have expressed the solutions by the generalized hypergeometric functions   21 , ; ;
F a b c  .
Results have been discussed extensively using plots. We discussed some special cases by adjusting the potential parameters and compute the numerical energy spectra for the Trigonometric Posch-Teller potential for both the 0  and 0  cases respectively. It was found that our results agree with the existing literature. In detail, we evaluated the vibrational partition functions   Z  which we used to study the thermodynamics properties of vibrational mean energy   U  , vibrational entropy   S  , vibrational mean free energy   F  and vibrational specific heat capacity   C  . In addition, the effective Boltzmann factor is calculated by using superstatistics and the results is compared with the case of where the deformation parameter vanished. It is noted that the results, in the special case of the vanished deformation parameter, are in agreement with the ordinary statistics.Finally, this study has many applications in different areas of physics and chemistry such as atomic physics, molecular physics and chemistry amongst others [57] 0.002  
